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Abstract 

We present the action for a self-dual tensor in six dimensions, cou- 
pled to a (2, 0) conformal supergravity background. This action 
gives rise to the expected equations of motion. An alternative 
look upon one of the gauge symmetries clarifies its role in the 
supersymmetry transformation rules and the realization of the 
algebra. 



1 Introduction 

The description of chiral bosons, antisymmetric 2p-forms in 4p + 2 dimen- 
sions with (anti) self-dual field strengths, in terms of an action has been a 
longstanding problem. This was caused by the first order self-duality con- 
dition. In 6 dimensions, the chiral boson is a (anti) self-dual two-tensor. 
By giving up explicit Lorentz invariance, it became possible to construct a 
new class of actions |], @]- In 0, six- dimensional actions were constructed 
with manifestly five- dimensional Lorentz invariance. A non-trivial check was 
needed to prove six- dimensional covariance. 

The construction of a manifestly Lorentz invariant action has been estab- 
lished by introducing one auxiliary scalar field and two extra gauge symme- 
tries in ||. This auxiliary field appears non-polynomially in the action and 
in the two new local gauge symmetries. These bosonic symmetries make it 
possible to gauge away the new scalar field and reduce the number of degrees 
of freedom of the tensor. The gauge fixing of these symmetries in the bosonic 
model is studied in @]. 

In || was proven that this Lorentz invariant action with a suitable gauge 
fixing (choosing a fixed direction for the derivative of the scalar) gives rise 
to the conjectured Feynman rules and the gravitational anomalies as in M. 

Self-dual tensors also appear in a supersymmetric context. Depending on 
the amount of chiral supersymmetry in six dimensions, the supersymmetric 
tensor multiplet contains a (anti) self-dual tensor, 2 or 4 chiral spinors and 
one or five scalars. In [0 is proven that the action for the rigid (2, 0) tensor 
multiplet is invariant under rigid superconformal symmetry. The geometrical 
superspace treatment of the self-dual tensor multiplet is developed in ||. 

The field equations for the M5-brane |5], [II], [ITJ] also contain a self-dual 
tensor. The worldvolume action is constructed in ||. The WZ-term and the 
relation to the rigid superconformal model appeared in |7|. Up to now, a 
model for interacting self-dual tensor multiplets is lacking. In [Tj| is proven 
that this will not be a local interacting quantum field theory. The supercon- 
formal theory for a stack of n coinciding M5-branes would be relevant for 
the adSy/CFTg version of the Maldacena conjecture. Some partial results 
can be found for instance in |[Tj| . 



Self-dual tensors appear naturally in string theory compactifications, for 
instance compactifications of type / string theory on K 3 [|TJj] , of the heterotic 
string on K 3 Jl5j and of M-theory on K 3 x S 1 /Z 2 [[16] in the (1, 0) context and 



compactifications of type I IB on K 3 [17] with (2, 0) supersymmetry in six 



1 



dimensions. The (anti) self-dual tensors appear in two ways in gravitational 
theories. First, they are one of the components of the gravitational multiplet 
in Poincare ]1^, [19[ and conformal |^0|. [21J chiral supergravities in six dimen- 
sions. The rigidly supersymmetric tensor multiplets can also be realized as 
matter multiplets in a supergravity background. In |2l| , the Poincare actions 



for the multiplets with self-dual tensors were constructed. The most general 
coupling of matter multiplets in chiral theories with one supersymmetry can 



be found in p4 [. These chiral theories are anomalous. The (2,0)-theory is 



anomaly-free when 21 tensor multiplets are coupled to supergravity [25[ . 



By using superconformal techniques PEfl , the field equations for the self- 
dual tensor multiplet coupled to a (1,0) and a (2,0) conformal supergravity 
background were derived in [F2(J and |^TJ. In pl| , the gauge-fixing of the 
relevant superconformal symmetries to end up with super-Poincare symme- 
try, was done and the description to go from the field equations of the tensor 
multiplet with (2, 0) to those with (1,0) superconformal symmetry was given. 

The aim of this paper is to give the action for the self-dual tensor multi- 
plet, coupled to conformal (2,0) supergravity. The consistency of the action 



is checked by the derivation of the field equations of pi ]. We give the trans- 
formation rules of the tensor multiplet that do not use the self-duality condi- 
tion. These transformation rules are understood better by looking upon the 
first new symmetry as a gauge symmetry with the derivative of the auxiliary 
scalar as its gauge field. We also indicate how the algebra is changed when 
these transformation rules for the tensor multiplet are used and the new 
gauge symmetries are introduced. The transformation rules of the equations 
of motion are given. 

The paper is organized as follows. In section 0, the field content of the 
Weyl multiplet is given. The (2, 0) tensor multiplet, its superconformal trans- 
formation rules and its gauge transformation with respect to the new gauge 
symmetries are studied. Therefore, the auxiliary scalar field a is introduced. 
All the three gauge symmetries play a specific role in the algebra. In sec- 
tion |3], the action and a sketch of the proof of its invariance under gauge 
and superconformal symmetry is given. This action gives rise to the field 



equations of [21]. Their (special) supersymmetry transformation rules are 



given. The last section contains the conclusions. 



2 (2, 0) Superconformal multiplets 

In this section, the superconformal gravitational multiplet and the self-dual 
tensor multiplet are introduced^} The new gauge symmetries, essential to 
write down an action, are defined. The role of the new symmetries in the 
transformation rules and the algebra is clarified. 

The (2, 0) superconformal gravitational multiplet is a representation of 
OSp(8*\4:) (7|. The usual superconformal tensor calculus approach is fol- 
lowed to construct the Weyl multiplet: introducing gauge fields for all the 
superconformal symmetries, constructing curvatures, imposing conventional 
constraints and introducing matter fields. The Weyl multiplet then contains 
gauge fields and matter fields. e^ a , if) 1 , V^ and b^ are gauge fields for general 
coordinate transformations, supersymmetry, USp(4) i?-symmetry and dilata- 
tions. The gauge fields uo^ ab for Lorentz rotations, / M a for special conformal 
transformations and (f> 1 for special supersymmetry are composite fields by the 
three conventional constraints. Together with the matter fields, five antiself- 
dual tensors T^ c , sixteen fermions in x)k an d fourteen scalars in D t ^ kl , they 
give rise to 128 + 128 degrees of freedom. 

There is only one matter multiplet in the chiral (2, 0) theory: a self- 
dual tensor multipletf]. It contains a self-dual tensor B^ u with three degrees 
of freedom, a set of four symplectic Majorana-Weyl fermions if) 1 and five 
scalars 0^. Some properties of these fields are summarized in table |l} In the 
definition of the fermions and the scalars, we made use of Qij, the USp(4)- 
metric. £7Sp(4)-indices are moved up and down using this metric as follows: 

X i = Q ij X j , A 4 = %A J '. (2.1) 

We start from the following on-shell (special) supersymmetry transfor- 
mation rules [Ell: 



SB^ = -e^^ipi + e^ipi^ , (2.2) 

8tf = ^; p 7 w e' + iW%-f %1 (2.3) 

Sfti = -Ae [i if) j] -Q ij e k if) k . (2.4) 

In (|2.3|) , the first term contains the self-dual part of the covariant field 

lr The notations, conventions and the transformation rules for the Weyl multiplet of pl| 
are used. 

2 The antiself-dual tensor multiplet is a representation of the (0, 2) antichiral algebra. 



Field 


Type 


Restrictions 


USp(4) 


w 


B pv 


boson 


real antisymmetric tensor gauge field 


1 





if 


fermion 


77^* = — ip l 


4 


5 
2 


tfi 


boson 


fl = -ft* tt ij( j) ij = 


5 


2 


a 


boson 




1 






Table 1: The fields of the (2, 0) tensor multiplet and the auxiliary scalar a 
with the various algebraic restrictions on the fields, their USp(4) representa- 
tions assignments and the Weyl weights w. 



strength for the tensor: 



where 



H^p = 3d [p B up] + 3il>l/y vp] il>i - \%lv^n ~ \4>xjF*»p 
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(2.5) 



(2.6) 



The definition of the covariant field strength in ( |2.5| ) implies a choice for the 
matter term, which was not included in its definition in pl| . To realize the 
algebra with the supersymmetry transformation rules (|2.2| )- (|2.4j ), the self- 
duality condition, 

H~ vp = , (2.7) 

must be used. In section |3] is explained how this condition is found from the 
action (|3.1| ). 

The action for the self-dual tensor can be constructed by making use of 
one auxiliary scalar a. This scalar does not transform under supersymmetry: 



Sna = . 



(2.8) 



Its derivative is u p = d p a. It always appears in the action in the following 

way: 

va= , Ufl , ■ (2.9) 



The contraction of the ((anti) self-dual) field strength with v^ is defined as 

H fW = H» vp v» , H% = H%y . (2.10) 

There are three local bosonic gauge symmetries that act on the tensor and 
the field a. The first one is the usual reducible gauge transformation for a 
antisymmetric tensor: 

5 I B llv = 2d [pi a u] - 5 ia = 0. (2.11) 

This gauge symmetry has a reducible component: 

a ll = d lt a. (2.12) 

The two other gauge symmetries act in the following way on B^ v and a: 

8 n B^ = 1H- V ^= 6na = <f), (2.13) 

SmB^ = u [tl A u] . (2.14) 



All the other fields are inert under each of these three symmetries. The H 



liv 



in 5 a contains the covariant field strength (|2.5| ). Also symmetry /// has a 
zero mode: A M = u^A. A last reducible gauge transformation is formed by a 
combination of I and ///: a^ = u^ and A^ = 2d^ . 

The divergence of the auxiliary field can be considered as the gauge field of the 
second symmetry, since u^ transforms into the derivative of the parameter: 

SnUfj, = d^cp . (2.15) 

The commutators of these gauge symmetries are: 

[SiiMMfa)] = Sni&r^ifa&'fa-fa&'fa)), (2-16) 
[M0),WA„)] = 6 I {lA^) + 6 III {2d lll A v yu v ^). (2.17) 

Their role in the gauge-fixing of the bosonic symmetries can be found in M . 
Making use of these gauge symmetries, it is possible to write down other 
supersymmetry transformation rules for the spinors that realize the algebra 
without using the self-duality condition ( |2.7| ). This comes already closer to an 
off-shell realization of the algebra, since the self-duality condition (|2.7|) must 



not be used any more. Therefore, we will replace the self-dual component of 
the field strength in (|2.3|) by another self-dual tensor (as in [22]), such that 



it gives the old transformation rule upon imposing the self-duality condition 



o 



Kvp = \ H ^P - 2 V ln H up] ■ ( 2 - 18 ) 

We can rewrite the terms with v u in ht„ n as 

^p = ^(^p-3^-(2^)) • (2.19) 

The last term can be seen as the product of u^, the gauge field of the second 
symmetry as argued before ( [2.15| ), and ( |2.13| ), the //-transformation of B^. 
We define covariant derivatives of a field as its partial derivative minus the 
gauge transformation(s) where the parameter is replaced by the gauge field. 
In this sense, ht vp can be considered as the fully covariant field strength of 
B^, where 'fully' means also with respect to gauge symmetry II. /i+ is 
automatically self-dual in this way. The new supersymmetry transformation 



rule, which gives rise to the old one by imposing (|2.7| ), is then: 



W = ^ h U^ P( " + 4 W%' - Mi ■ (2-20) 

By considering /i+ as the fully covariant field strength of B^ v , we under- 
stand better why this term appears in the supersymmetry transformation 
rules. Before, it was unclear where this self-dual tensor came form. The 
supersymmetry transformation rule depends also on the matter terms, pro- 
portional to <pijT^l c in h+p. This is necessary to realize the algebra (|2.24|) 



(and later also to find the invariance of the action). This was one of the 

reasons to include also the matter term in ( |2.5|) . 

The covariant derivative of ip l and </> y and the covariant d'Alembertian of lJ ' 

are: 



Vrf = (9„-^ + H^)f-Kf 



~T2 h+ a b d ahC ^ ~ I [W 1 ) VW + WW , (2-21) 

V^ ij = (dfj, - 2b ll ) ^ + V/ k ^ k + 4 (4V i] - trace) , (2.22) 

V a V a ^ = d a V a ^ -3b a V a <pv -yJW* +u a ab V b( f) ij -4f a a <p lj 

+4$%Wifl _ JL (^ 7aX (wy fc - i <- j) (2.23) 

-U a k lal bcd T b k ^ - M>lr^ ] - (trace) , 



where f a a = e^f^ and the trace guarantees that the contraction with f^- 
vanishes. 

The algebra of Q- and S-transformations contains field-dependent trans- 
formations. When using ( |2.2| ), (|2.20|) and ( |2.4|) , the transformation rules 



for the self-dual tensor multiplet and the transformation rules for the Weyl 
multiplet, the commutators of the supersymmetries become 

[Sq(s 1 ),S q (s 2 )] = I(4 T M £l .)^ + ^(-|4i;f 7ce |) 

+Ss(-T 5 e 1[k7a e 2j]1 a X {l ' 3)k ) + M-g^T^ ^f ) 
+8 1 {-\e i 2lll e{cj> ij ) , (2.24) 

Mv), $q(£)} = S D (-le\) + 5 M (-le l 1 ab r ]l ) + <W p(4) (-4^X2.25) 

Mm)Mm)] = 5 K (-^ 2l a vu)- (2.26) 

Some comments can be made about this algebra: 

The X> M in the first term of ( |2.24j ) is a covariant general coordinate trans- 
formation P6| . This includes all the superconformal transformations, gauge 
symmetry / and also gauge symmetry II. The covariant general coordinate 
transformation with derivative T>^ contains terms which are a gauge trans- 
formation J, II or III. There is no natural gauge field for symmetry III, so 
T>/j, is only covariant with respect to symmetry I and II. 

The term in the algebra with gauge transformation / was already intro- 
duced in [20| for the case of the (1, 0) self-dual tensor. This means that each 



of the gauge symmetries plays a specific role in the algebra: symmetry /, // 
and III in the covariant general coordinate transformations, while symmetry 
/ appears also with a field-dependent gauge transformation. 

With u^ as the gauge field for symmetry 77, the algebra on a becomes 

[M e i)>M £ 2)]a = |(47 M£ h)2V 

= |(47%ii)(^a-M M ) 

= 0, (2.27) 

both for the rigid and the local supersymmetric case. So, a is a supersym- 
metric singlet [E7[ . 



Using the prescription of appendix B in JTJJ, it is possible to re-derive 
the (1, 0)-algebra. The term with the Lorentz rotation and gauge symme- 
try / give immediately the right term. The terms with special conformal 
symmetry and special supersymmetry need more work. The relevant terms 



of the constraints and transformation rules differ slightly for the different 
cases. Also the shifts in 0^ and / M a when going to (1, 0) need to be taken 
into account. Also in simple chiral supergravity, symmetries /, II and III 
appear in the commutator of two supersymmetries. 

Finally, we remark that the algebra is not realised off-shell. In the trans- 



formation of H7 wp (^8), the equation of motion of the spinor still appears. 
Therefore, in the commutator of two supersymmetries on if) 1 there also ap- 
pears an equation of motion. Also the commutator of symmetry // with 
supersymmetry contains terms with equations of motion. 



3 The superconformal action 

In |7j] was already proven that the action of the rigid model has supercon- 
formal invariance. Here, we give the action for the self-dual tensor multiplet 
with local (2, 0) superconformal symmetry. We also see that the action, as 
expected, gives rise to the equations of motion of [^l| . 

The following action is invariant under local superconformal transforma- 
tions and under the 3 bosonic symmetries (|2.11| ), ( |2.13| ) and ( |2.14|) : 



fj,up 



S = J d e x^ [~H- V H^ - \W» (%y w ^ - l^l^ii - l^T f 

+\tf> (d a V a <p t] - 3b a V a ^ + V£D a <f>j k + u a ab V b <p i3 - Af a a ^ 
H-# ai P%H-40 oiT a ^) 

+M^<^7^ + Mli^T jk ■ 7^ - kfy-fhtf* ■ iA 

-4o^T irl r^Jki<t> kl ] ■ (3.1) 

In ( |3.1|) appears the covariant derivative of i/j 1 without the h~t v -term: 

v'^ = (d» - § b, + kv) r - \v;^ j 
_i 

4 



iin^iprt + Ptyrt. (3.2) 



Further, T tj ■ 7 = T^ lohc . 

This action describes the coupling of a self-dual tensor in six dimensions to a 
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conformal supergravity background. The first gauge symmetry imposes that 
B^y only appears in a field strength in the action. The second and the third 
gauge symmetries impose the form of the action as given in ( |3.1| ) for terms 
that transform with respect to one of these symmetries. The second part of 
the first line contains only covariantization terms. It is imposed by the third 
gauge symmetry and can also be found in the local super-Poincare actions for 
self-dual tensors p2| . It is absent for free chiral bosons. All the coefficients of 
the action are fixed by imposing invariance under supersymmetry and special 
sup er symmet ry. 

The action ( |3.1| ) gives rise to the following field equations for B^, a, ipi 
and y : 

Qt» = d p (ieh + ^ vp - le^c^C^) = , (3.3) 

A = d^-^=e^^H- u H; a v T ^=0, (3.4) 

T = W - y kl ^ kl - ^TX7° 6c ^ = , (3.5) 

Ca = V a V a cj )ij -±D%cp H + lh^t C +§Xi j ipk = 0. (3.6) 

The equations ( |3.5|) and (|3.6j ) are the equations of motion as derived in 

2"T| . Also the self-duality condition ( |2.7|) corresponds corresponds to the 

self-duality equation derived there. The only difference is the one but last 

term in (|3.(j|), but that is a term proportional to the self-duality condition. 



Rewriting (OF) gives: 



■yfiu fii/par 



*d p (y a H^) = . (3.7) 



Analogous to the rigid case, the self-duality condition Q2.7J) can be found by a 
gauge-choice of symmetry /// for the most general solution of this equation 
of motion (if there are no global obstructions). So, this action describes a 
self-dual two-form. 



The description using this action is more satisfactory than the one of [23]. 
There, first the action for an ordinary tensor is written down and the equation 
of motion is derived. Only then, the self-duality condition is imposed. Here 
the self-duality is automatically incorporated in the action and follows from 
the equation of motion. 

The equations of motion transform in the following way into each other 
under (special) supersymmetry: 



SA = -^^e^^e-vJ/^ 
V v u 



5Gab = ~e l ^ ahc V c Ti , 

6F = I^e. + ^V^-^TareV^, (3.8) 

SC^ = -4e [i tyT^ + \$l la T^ a ^ i - 877^ - (trace) . 



4 Conclusions 

In this article we have interpreted the second bosonic symmetry as a gauge 
symmetry with gauge field u^. Its role in the supersymmetry transforma- 
tion rules and in the realization of the OSp(8*|4)-algebra has become more 
clear. It appears on the right hand side in the covariant general coordinate 
transformation in the commutator of two supersymmetries. One also finds 
that the auxiliary scalar a is a super symmetric singlet. Gauge symmetry / 
appears as a field-dependent gauge transformation in the commutator of two 
supersymmetries. 

Furthermore, we have given the action for a self-dual tensor multiplet 
coupled to a chiral conformal gravity background with (2, 0) supersymmetry. 



This action gives rise to the equations of motion found earlier in ||21|| . The 
self-duality follows from the action by imposing a gauge fixing of symmetry 
III. 

The action, ( |3.1|) , is the most general one for the coupling of self-dual 



tensor multiplets to (conformal) supergravity. Using the prescription of |2T 
the Poincare action for n self-dual tensor multiplets can be derived from this 
superconformal formulation. One starts with n + 5 tensor multiplets in the 
vector representation of SO(n,5). Imposing the suitable constraints that 
gauge-fix the appropriate superconformal symmetries (dilatations, special 
conformal symmetry and special supersymmetry) yields the coupling of n 
self-dual tensor multiplets to (2, 0) Poincare supergravity. The 5n scalars of 



SO(n,5) 



these n tensor multiplets parameterize the coset SO (n)xso(5) 0' P 



Using the procedure in |21j to move from (2,0) to (1,0), one discovers 
the action for a self-dual tensor multiplet in a (1,0) superconformal gravity 
background. For this case, a similar procedure is possible to move further 
towards a Poincare description. Starting from n + 1 tensor multiplets in 
the vector representation of SO(n, 1) and imposing the right constraints will 



break the superconformal symmetry. This should give the actions of |22 
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The scalars in the Poincare theory are in g^fer fll^fl - In this context, with 
(1,0) supersymmetry, couplings of actions for self-dual tensor multiplets to 
other matter multiplets are possible. 

An interesting project would be to calculate the conformal anomaly for 



the self-dual tensor, e.g. by following the approach in p8j and using the 
ghost sector of the action for the self-dual tensor of Q . This weak-coupling 
calculation can be compared with the strong-coupling result in |[29|| . 
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